Abstract: We report numerical simulations on the high-order group-velocity-locked vector soliton (GVLVS) generation based on the fundamental GVLVS. The high-order GVLVS generated is characterized with a two-humped pulse along one polarization and a single-humped pulse along the orthogonal polarization. The phase difference between the two humps could be 180
Introduction
Vector solitons refer to solitons with multiple components trapped together and propagating with the same group velocity in the media. Generally speaking, a SMF has weak birefringence so that there are two orthogonal polarization directions in a fiber, which provides the possibility for soliton trapping in optical fibers. Menyuk first theoretically predicted the existence of vector solitons in fibers in [1] and [2] . Lately, it is found that depending on the strength of fiber birefringence, various types of vector solitons, such as the phase-locked vector solitons (PLVSs) [3] , the polarization rotating vector solitons [4] , and the group velocity locked vector solitons (GVLVSs) [1] , can be generated in an SMF. Vector solitons have also been experimentally demonstrated in mode-locked fiber lasers. Solitons generated in fiber lasers are different from those formed in fibers, which are determined by the mutual interaction between group velocity dispersion (GVD) and nonlinear Kerr effect. To investigate the soliton generation in fiber lasers, we have to consider the cavity gain and loss, as well as the cavity boundary condition. For PLVSs, their temporal and polarization state profiles during propagation remain stationary [5] , [6] . Either fundamental or high-order forms of the PLVSs were observed experimentally [7] , [8] . As for GVLVSs, the orthogonal polarization components shifted their central frequencies in opposite directions through the self-phase modulation and cross-phase modulation, so regardless of the intrinsic group velocity difference caused by the fiber birefringence, the two solitons formed along orthogonal polarizations can trap each other and propagate as a non-dispersive unit [9] . The fundamental form of the GVLVS was also experimentally demonstrated [9] - [11] . However, to the best of our knowledge, no high-order GVLVS has been generated.
The extracavity vector soliton generation has also been experimentally demonstrated, in which the vector solitons are generated based on the seeding of scalar solitons obtained from a fiber laser rather than directly generated from the fiber laser [12] , [13] . In this paper, we carry out the numerical simulations on an approach to generate a high-order GVLVS based on the fundamental GVLVS. By passing the fundamental GVLVS through a polarization controller with appropriate phase retard, it is feasible to obtain a high-order GVLVS which has a polarization component consisting of two humps with 180 phase difference. Depending on the time separation between the two components of the fundamental GVLVS, either "1+2" or "2+2" type highorder GVLVS could be obtained. As the high-order GVLVS is not directly generated from the fiber laser, we can call it "pseudo-high-order" GVLVS.
Theoretical Model and Simulation Results
As shown in Fig. 1 , a general GVLVS from a fiber laser has two wavelength-shifted, singlehumped solitons along different polarizations. A former research from our group has demonstrated the dependence of soliton central frequency difference between the two orthogonal polarization components on the cavity birefringence [9] . The small cavity birefringence leads to the solitons formed along the two orthogonal polarization directions having only slight central wavelength shift. The obvious central wavelength shift between the solitons can be obtained as the cavity birefringence becomes large. By rotating the PC, we can simultaneously change the orientation of the GVLVS and the phase difference between the orthogonal polarization components. After traversing the PC, The two polarization components of the GVLVS can be characterized by
where we assume the polarization components of the GVLVS both have a Sech 2 profile. A 1 and A 2 are the amplitudes. ÁT is the time separation between the two components. 1 and 2 are the central wavelength of the optical pulses along the two orthogonal polarizations.
, in which ' i is the initial phase difference and Á' represents the phase difference caused by the PC. An inline polarization beam splitter (PBS) is connected to the PC. The fundamental GVLVS would further traverse the inline PBS. The two orthogonal components of the fundamental GVLVS would then be projected to the horizontal and vertical polarizations of the inline PBS, finally generating a high order GVLVS, as shown in Fig. 1 . The angle between F 1 and the horizontal axis is . First, we consider that the laser cavity birefringence is small. In this situation, the two orthogonal components of the GVLVS have nearly the same center wavelength. We use the following parameters, which are consistent with that obtained with small birefringence in [9] :
, regardless of the value of ' t , the calculated pulse intensity profiles along the horizontal and vertical axis are both single-humped and the spectral components along the horizontal and vertical axis have the same central wavelength [see Fig. 2(a) ]. In this case, the two orthogonal polarization components of the vector soliton are completely resolved to horizontal and vertical axis after the PBS. However when 6 ¼ 0 , spectral dip appear at the spectrum of the two axes and the position of the spectral dip could be shifted by changing the value of ' t [see Fig. 2(b) ]. Based on the pulse intensity profiles numerically calculated, obviously the spectral dip is formed due to the spectral interference between the two humps. It is found that when ¼ 63:4 ,
, a vector soliton with a two-humped pulse along one polarization, while a single-humped pulse along the orthogonal polarization could be obtained. We note that the single-humped pulse is actually superimposed by two pulses with same phase. The strong dip at the center of the spectrum of the vertical axis indicates that the phase difference between the two humps is 180 [see Fig. 2(c) ]. The spectrum of the two axes still presents the same central wavelength. The state generated seems to be a high order GVLVS. However, it is not directly generated from the fiber laser but by tuning external PC before the external PBS. Therefore, we call it a pseudo-high-order GVLVS.
Numerous simulations were further carried out to investigate the impact of ÁT on the characteristics of an obtained pseudo-high-order GVLVS. Fig. 3(a) and (b) show the pulse intensity profiles numerically obtained with the same parameters as that of Fig. 2(c) , except the time separation. The time separation is chosen in intervals of 0.1 ps, from 0 to 2.5 ps. Increasing the time separation leads to a larger pulse peak intensity of the vertical component while a weaker pulse peak intensity of the horizontal component. It is found that when 0 G ÁT G 1:1, the horizontal polarization has a single-humped pulse while the vertical polarization has a two-humped pulse. We call it a "1+2" type high-order GVLVS. As the time separation keeps growing, a small pulse begins to separate from the original pulse along the horizontal polarization. When the time separation becomes larger than 2 ps, the small pulse and the original pulse along the horizontal polarization will be completely separated. At this time, a pseudo-high-order GVLVS with a twohumped pulse along both the two orthogonal polarizations could be obtained. However, the two humps along horizontal polarization have the same phase while along the vertical polarization the two humps have 180 phase difference. We call it a "2+2" type high-order GVLVS. It is also found that the pulse width of the obtained pseudo-high-order GVLVS varies with the time separation. The pulse width was directly obtained from the pulse intensity profile calculated in our simulations with the choice of full-width-at-half-maximum (FWHM). Fig. 3(c) shows the calculated pulse width versus time separation which ranges from 0 to 1.1 ps. It is clear that with time separation increasing, the pulse width of the horizontal polarization gets wider at first and then gets narrower while the pulse width of the vertical polarization gets wider monotonically. However, when the "2+2" type high-order GVLVS is obtained, the generated two humps along one axis are completely separated. The overlapping between the two humps will not affect the measurement of the width of the humps. Therefore, the width of the two humps along either horizontal or vertical axis remains 0.553 ps, which is in accordance with the pulse duration of the fundamental GVLVS.
Status of Different Central Wavelength
If the cavity birefringence is large, the central wavelength shift between the two orthogonal components of the fundamental GVLVS will be obvious. Numerous simulations for this situation were carried out. We use the following parameters which are consist with that obtained with moderate birefringence in [9] : A 1 ¼ 1, A 2 ¼ 2, ÁT ¼ 0:8 ps, T 0 ¼ 0:553 ps, 1 ¼ 1557 nm, and 2 ¼ 1558 nm. When ¼ 0, regardless of the value of ' t , the obtained pulse intensity profiles along the horizontal and vertical axis are both single-humped pulse and the spectral components along the two axes present different central wavelength [see Fig. 4(a) ]. When 6 ¼ 0 , the spectral dip whose position can be shifted by changing the value of ' t appeared at the spectrum. As shown in Fig. 4(b) , we found that when ¼ 63:4 , ' t ¼ 0 , a "1+2" type high-order GVLVS could be obtained and the spectrum along the two axes still-present wavelength shift. Compared with Fig. 2(c) in which the spectrum of vertical axis shows more than one strong spectral dip, only one strong spectral dip at he center of the spectrum of vertical axis is presented in Fig. 4(b) . We note that it is caused by the different central wavelength between the two humps reducing the interference effect.
As to the different central wavelength status, we also numerically investigate the impact of ÁT on the characteristics of an obtained pseudo-high-order GVLVS. We use the same parameters as that of Fig. 4(b) , except the time separation. The time separation is chosen in intervals of 0.1 ps, from 0 to 2.5 ps. It is found that in the case of different central wavelength, pseudohigh-order GVLVS can be obtained even when there is no time separation between the two polarization components of the fundamental GVLVS ðÁT ¼ 0 psÞ, as shown in Fig. 4(c) . The pulse intensity profile of the vertical axis has been multiplied by 10 times for a better display. We note that in the same center wavelength situation, in order to generate the pseudo-high-order GVLVS, there must be a time separation between the two orthogonal components. Further increasing the time separation, as shown in Fig. 5(a) and (b), we found that the pulse intensity profiles and the pulse peak intensity of the pseudo-high-order GVLVS have the similar evolutionary process as that of the same central wavelength situation. A small pulse will be separated from the original pulse along the horizontal axis as the time separation increasing and finally the "1+2" type high-order GVLVS evolves to a "2+2" type high-order GVLVS. However, compared with Fig. 3(c) , the pulse width varies differently with the time separation in Fig. 5(c) . With the time separation increasing, the pulse width of the horizontal component in both Fig. 3(c) and Fig. 5 (c) get wider at first and then get narrower. The pulse width of the vertical components in Fig. 3(c) always gets wider while in Fig. 5(c) it gets narrower at first and then gets wider. When the time separation is big enough so that a "2+2" type high-order GVLVS generated, the width of all the humps are measured to be 0.553 ps. We have to clarify that for the case of same central wavelength, the variation of the pulse duration depends on the pulse separation only, which means that the trends observed in Fig. 3(c) are of universal nature. For the case of different central wavelength, the trend observed in Fig. 5 (c) only applies to the specified simulation parameters. In conclusion, we propose and numerically demonstrate the generation of high-order GVLVS based on the fundamental GVLVS. It is feasible to transform the fundamental GVLVS into a high-order one by passing the fundamental GVLVS through an external PC together with an inline PBS. The high-order GVLVS is characterized by a spectral dip along one polarization. Depending on the time separation between the two orthogonal polarization components of the fundamental GVLVS, either "1+2" or "2+2" type high-order GVLVS could be obtained. By appropriate setting the time separation, the high-order GVLVS with different pulse intensity and pulse width can be obtained. As it is not directly generated from the fiber laser, we consider it to be the so-called "pseudo-high-order" GVLVS.
